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Abstract
In this paper, we investigate limit sets of geometrically finite groups acting on Busemann
spaces. We show a Busemann space analogue of several results proved by A. Ranjbar-Motlagh for
geometrically finite groups acting on hyperbolic spaces in the sense of Gromov.  2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction and preliminaries
The purpose of this paper is to study geometrically finite groups acting on Busemann
spaces. We say that a metric space (X,d) is a geodesic space if for each x, y ∈ X, there
exists an isometry ξ : [0, d(x, y)] → X such that ξ(0) = x and ξ(d(x, y)) = y (such ξ
is called a geodesic). Also a metric space (X,d) is said to be proper if every closed
metric ball is compact. We give the definitions of hyperbolic (respectively Busemann)
spaces and their boundaries in Section 2 (respectively in Section 3). Details of hyperbolic
(respectively Busemann) spaces and their boundaries are found in [9,8,4] (respectively
in [11]). It is known that if a geodesic space X is hyperbolic and Busemann, then the
hyperbolic boundary of X is homeomorphic to the Busemann boundary of X [11]. For a
hyperbolic or Busemann space X, let ∂X denote the hyperbolic or Busemann boundary of
X.
Let (X,d) be a metric space and Γ a subgroup of the isometry group of X. We say
that Γ acts properly discontinuously on X, if for each compact subset K of X, the set
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{γ ∈ Γ : γK ∩K = ∅} is finite. Let (X,d) be a hyperbolic or Busemann space, and let Γ
be a group which acts properly discontinuously on X. The limit set of Γ (with respect to
X) is defined as follows:
L(Γ ) := {γ (x0): γ ∈ Γ } ∩ ∂X,
where ‘ ’ means the closure in X ∪ ∂X, and x0 is a point in X. We note that the limit set
L(Γ ) is independent of a point x0 ∈X.
Let X be a hyperbolic space and S a subset of X ∪ ∂X. Then the union of images of
geodesic rays, lines, or arcs in X with endpoints in S is called the weak convex hull of S
and denoted WCH(S).
A geometrically finite group acting on a hyperbolic space is defined as follows: Let
(X,d) be a proper hyperbolic space and Γ a group which acts properly discontinuously
on X. We say that (the action of) Γ is geometrically finite (with respect to X), if there
exists a compact subset K of X such that WCH(L(Γ )) ⊂ ΓK , where ΓK is the set
{γ (x): γ ∈ Γ, x ∈K} (cf. [13]).
In Section 2, we prove that the following conditions are equivalent:
(1) The action of Γ is geometrically finite.
(2) There exists a compact subset K of X such that Rx0(L(Γ )) ⊂ ΓK , where x0
is a point of X and Rx0(L(Γ )) is the union of the images of all geodesic rays
ξ : [0,∞)→X such that ξ(0)= x0 and ξ(∞) ∈L(Γ ).
Based on the above, we define a geometrically finite group acting on a Busemann space
as follows: Let (X,d) be a proper Busemann space and Γ a group which acts properly
discontinuously on X. We say that (the action of) Γ is geometrically finite (with respect to
X), if the above condition (2) holds.
After some preliminaries in Section 3 we show the following theorem in Section 4.
Theorem. Let X be a proper Busemann space and Γ a group which acts properly discon-
tinuously on X.
(i) Suppose that H ⊂G are two subgroups of Γ and H is geometrically finite. Then,
L(G)= L(H) if and only if [G :H ]<∞.
(ii) Let G be a subgroup of finite index in Γ . Then Γ is geometrically finite if and only
if G is geometrically finite.
(iii) Suppose that G is a subgroup of Γ and γ ∈ Γ such that γGγ−1 ⊂ G. If
H :=⋂∞i=1 γ iGγ−i is geometrically finite and if L(H)=⋂∞i=1 L(γ iGγ−i ), then
γ (L(G))= L(G) and G= γGγ−1.
(iv) If G1 and G2 are two geometrically finite subgroups of Γ , then G1 ∩G2 is also
geometrically finite and L(G1 ∩G2)= L(G1)∩L(G2).
The theorem above is a Busemann space analogue of results proved by A. Ranjbar-
Motlagh in [13] for geometrically finite groups acting on hyperbolic spaces.
T. Hosaka / Topology and its Applications 122 (2002) 565–580 567
2. Geometrically finite groups acting on hyperbolic spaces
In this section, we give an equivalent condition for a group acting on a hyperbolic space
to be geometrically finite.
We first give the definitions of hyperbolic spaces and their boundaries (cf. [9,8,4]).
Definition 2.1. Let (X,d) be a metric space and x, y,w ∈ X. The Gromov product of x
and y with respect to w is defined as
〈x|y〉w := 12
(
d(x,w)+ d(y,w)− d(x, y)).
For some δ  0, we say that a geodesic space (X,d) is δ-hyperbolic, if for each
x, y, z,w ∈X
〈x|y〉w min
{〈x|z〉w, 〈y|z〉w}− δ.
Also we say that X is hyperbolic, if X is δ-hyperbolic for some δ  0.
Definition 2.2. Let (X,d) be a hyperbolic space. A sequence {xi} of points of X is said to
converge to infinity, if for some (arbitrary) basepoint w ∈X
lim
i,j→∞〈xi |xj 〉w =∞.
Let S∞(X) denote the set of all sequences convergent to infinity, and define the equivalence
relation
{xi}R{yi} ⇐⇒ lim
i→∞〈xi |yi〉w =∞.
The boundary of X is defined as ∂X := S∞(X)/R. We say that {xi} ∈ S∞(X) converges
to x ∈ ∂X, if the equivalent class of {xi} with respect toR is x , and we write xi → x . Now
we extend the Gromov product to the boundary as follows: For each x, y ∈ X ∪ ∂X, we
define
〈x|y〉w := inf
{
lim
i→∞〈xi |yi〉w
}
,
where the infimum is taken over all pairs of sequences xi → x and yi → y . Then X ∪ ∂X
has a natural topology, in which X is an open subspace, and a neighborhood basis for each
point x ∈ ∂X is given by the sets
N(x; ε) := {y ∈X ∪ ∂X: 〈x|y〉w > ε},
where ε > 0. It is known that this topology is not dependent on the basepoint w ∈X. For
a geodesic ray ξ : [0,∞)→ X, there exists a unique point x ∈ ∂X such that {ξ(ti )} → x
for each sequence {ti} of non-negative real numbers such that {ti} →∞. Then we write
x = ξ(∞).
A geometrically finite group acting on a hyperbolic space is defined as follows:
Definition 2.3 [13]. Let (X,d) be a proper hyperbolic space and Γ a group which acts
properly discontinuously on X. We say that (the action of) Γ is geometrically finite (with
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respect to X), if there exists a compact subset K of X such that WCH(L(Γ ))⊂ ΓK , where
WCH(L(Γ )) is the union of the images of all geodesic lines in X with the endpoints in
L(Γ ).
Definition 2.4. Let X be a geodesic space. Let x, y, z ∈ X and  := xyz a geodesic
triangle in X. Then there exist unique non-negative numbers a, b, c such that
d(x, y)= a + b, d(y, z)= b+ c, d(z, x)= c+ a.
Indeed a = 〈y|z〉x , b = 〈z|x〉y and c= 〈x|y〉z. Then we can consider the metric tree T that
has three vertexes of valence one, one vertex of valence three, and edges of length a, b and
c. Let o be the vertex of valence three in T and let vx, vy, vz be the vertexes of T such
that d(o, vx) = a, d(o, vy) = b and d(o, vz) = c. Then the map {x, y, z} → {vx, vy, vz}
extends uniquely to a map f :→ T whose restriction to each side of  is an isometry.
For some δ  0, the geodesic triangle  is said to be δ-thin, if d(p,q) δ for each points
p,q ∈ with f (p)= f (q).
The following lemma is well known.
Lemma 2.5 ([8], [4, p. 8–10]). Let (X,d) be a proper δ-hyperbolic space.
(i) Every geodesic triangle in X is 4δ-thin.
(ii) Let ξ, ζ : [0,∞)→ X be geodesic rays with ξ(∞)= ζ(∞). Then d(ξ(t), Im ζ )
d(ξ(0), ζ(0)) + 8δ for each t  0. Furthermore, there exists T  0 such that
d(ξ(t), Im ζ ) 8δ for each t  T .
(iii) For each pair of distinct points α,β ∈ ∂X, there exists a geodesic line in X with
endpoints α and β .
Lemma 2.6. Let (X,d) be a proper δ-hyperbolic space, ξ0 :R→X a geodesic line in X,
and ξ1, ξ2 : [0,∞)→X geodesic rays in X such that ξ1(0)= ξ2(0)= x0, ξ0(∞)= ξ1(∞)
and ξ0(−∞)= ξ2(∞). Then, for each i ∈ {0,1,2} and each point x ∈ Im ξi , the inequality
d(x,Yi) 12δ holds, where Yi =⋃j∈{0,1,2}\{i} Im ξj .
Proof. Let i ∈ {0,1,2} and x ∈ Im ξi .
By Lemma 2.5(ii), there exists T > 0 such that
d
(
ξj (t), Im ξ0
)
 8δ for each t  T and j = 1,2, and
d
(
ξ0(s), Im ξ1 ∪ Imξ2
)
 8δ for each |s| T .
It is clear that if x ∈ ξ0((−∞,−T ] ∪ [T ,∞))∪⋃j=1,2 ξj ([T ,∞)), then d(x,Yi) 8δ.
Let S > T be a large number. Then geodesic trianglesx0ξ1(S)ξ2(S),ξ0(S)ξ1(S)ξ2(S)
and ξ0(S)ξ0(−S)ξ2(S) are 4δ-thin by Lemma 2.5(i). Hence if x ∈ ξ0((−T ,T )) ∪⋃
j=1,2 ξj ([0, T )), then d(x,Yi) 12δ. ✷
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Using Lemma 2.6, we show the following proposition. Here we note that there is no
obvious inclusion between WCH(L(Γ )) and Rx0(L(Γ )) in general.
Proposition 2.7. Let (X,d) be a proper hyperbolic space and Γ a group which acts
properly discontinuously on X. Suppose that the cardinality of L(Γ ) is greater than one.
Then the following statements are equivalent:
(1) The action of Γ is geometrically finite.
(2) There exists a compact subset K of X such thatRx0(L(Γ ))⊂ ΓK for some x0 ∈X,
where Rx0(L(Γ )) is the union of the images of all geodesic rays ξ issuing from x0
with ξ(∞) ∈L(Γ ).
Proof. Let X be δ-hyperbolic.
(1)⇒ (2): Let σ :R → X be a geodesic line with σ(−∞), σ (∞) ∈ L(Γ ) and let
x0 := σ(0). Suppose that (1) holds. Then WCH(L(Γ )) ⊂ Γ B(x0,N) for some N > 0,
whereB(x0,N) is the metric ball of radius N about x0. Let ξ be a geodesic ray issuing from
x0 with ξ(∞) ∈L(Γ ). There exists a geodesic line τ :R→X such that τ (∞)= σ(∞) and
τ (−∞)= ξ(∞) by Lemma 2.5(iii). For each t  0, d(ξ(t), σ ([0,∞)) ∪ Im τ )  12δ by
Lemma 2.6. Since Imσ ∪ Im τ ⊂ WCH(L(Γ )) ⊂ Γ B(x0,N), Imξ ⊂ Γ B(x0,N + 12δ).
ThusRx0(L(Γ ))⊂ Γ B(x0,N + 12δ).
(2)⇒ (1): Suppose that (2) holds. Then Rx0(L(Γ ))⊂ Γ B(x0,N) for some N > 0. Let
σ :R→ X be a geodesic line with σ(∞), σ (−∞) ∈ L(Γ ). Let ξ and ζ be geodesic
rays issuing from x0 such that σ(∞) = ξ(∞) and σ(−∞) = ζ(∞). By Lemma 2.6,
d(σ(t), Im ξ ∪ Im ζ ) 12δ for each t ∈R. Since Im ξ ∪ Im ζ ⊂Rx0(L(Γ ))⊂ Γ B(x0,N),
Imσ ⊂ Γ B(x0,N +12δ). Thus WCH(L(Γ ))⊂ Γ B(x0,N +12δ), i.e., Γ is geometrically
finite. ✷
Remark. By Lemma 2.5(ii), the statement (2) is equivalent to the following statement:
(3) For each point x0 ∈X, there exists a compact subset K of X such thatRx0(L(Γ ))⊂
ΓK .
The following results were given by A. Ranjbar-Motlagh in [13]. The aim in this paper
is to show a Busemann space analogue of these results.
Theorem 2.8 ([10, Theorem 3], [14, Theorem 3.1], [13, Lemma 3.1]). Let (X,d) be
a proper hyperbolic space and Γ a group which acts properly discontinuously on X.
If H ⊂ G are two subgroups of Γ , and if H is a geometrically finite subgroup with
|L(H)| 2, then the following conditions are equivalent:
(1) L(G)= L(H).
(2) g(L(H))= L(H) for each g ∈G.
(3) [G :H ]<∞.
Proposition 2.9 (cf. [13, Lemma 4.2]). Let (X,d) be a proper hyperbolic space, Γ a
group which acts properly discontinuously on X, and G a subgroup of finite index in Γ .
Then Γ is geometrically finite if and only if G is geometrically finite.
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Proposition 2.10 [13, Lemma 3.5]. Let (X,d) be a proper hyperbolic space, Γ a group
which acts properly discontinuously on X, and G a geometrically finite subgroup of Γ
with |L(G)| 2. For some element γ ∈ Γ , suppose that γGγ−1 ⊂G, then
(1) γ (L(G))⊂ L(G),
(2) γ n ∈G for some n ∈ Z \ {0},
(3) γ (L(G))= γ−1(L(G))= L(G),
(4) γGγ−1 =G,
(5) [〈G,γ 〉 :G]<∞.
Theorem 2.11 ([10, Theorem 2], [14, Theorems 4.3, 4.4], [13, Theorems 4.4, 4.5]). Let
(X,d) be a proper hyperbolic space and Γ a group which acts properly discontinuously
on X. Suppose that G1 and G2 are two geometrically finite subgroups of Γ . Then
(1) G1 ∩G2 is also geometrically finite.
(2) If |L(G1 ∩G2)| 2, then L(G1 ∩G2)= L(G1)∩L(G2).
3. Basics on Busemann spaces and their boundaries
In this section, we recall the definitions and some basic properties of Busemann spaces
and their boundaries.
Definition 3.1. Let (X,d) be a geodesic space. A geodesic space X is a Busemann space
if for each three points x0, x1, x2 of X and each t ∈ [0,1],
d
(
ξ1(td1), ξ2(td2)
)
 td(x1, x2),
where di = d(x0, xi) and ξi : [0, di] → X is a geodesic segment from x0 to xi for each
i = 1,2.
Definition 3.2. Let (X,d) be a geodesic space. Two geodesic rays ξ, ζ : [0,∞)→X are
said to be asymptotic if there exists a constantN such that d(ξ(t), ζ(t))N for each t  0.
The following proposition is known (cf. [11]).
Proposition 3.3. Let (X,d) be a proper Busemann space.
(1) Every CAT(0) space is a Busemann space.
(2) For each two points x, y ∈X, there exists a unique geodesic segment between x and
y in X.
(3) X is contractible.
(4) For each geodesic ray ξ in X and each point x0 ∈X, there exists a unique geodesic
ray ξ ′ issuing from x0 such that ξ and ξ ′ are asymptotic.
Definition 3.4. Let (X,d) be a proper Busemann space and x0 ∈ X. The boundary of
X with respect to x0, denoted by ∂x0X, is defined as the set of all geodesic rays issuing
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from x0. Then X ∪ ∂x0X has a natural topology, in which X is an open subspace, and a
neighborhood basis for each point ξ ∈ ∂x0X is given by the sets
U(ξ; r, ε)= {x ∈X ∪ ∂X: x /∈ B(x0, r), d(ξ(r), ξx(r))< ε},
where r, ε > 0 and ξx : [0, d(x0, x)]→X is the geodesic from x0 to x (ξx = x if x ∈ ∂x0X).
This is called the cone topology on X ∪ ∂x0X. It is known that X ∪ ∂x0X is a metrizable
compactification of X (cf. [8,11]).
Let x0 and x1 be two points of a proper Busemann space X. By Proposition 3.3(4), there
exists a unique bijection Φ : ∂x0X→ ∂x1X such that ξ and Φ(ξ) are asymptotic for each
ξ ∈ ∂x0X. The following theorem was proved by P.K. Hotchkiss.
Theorem 3.5 [11].
(1) The above map Φ : ∂x0X→ ∂x1X is a homeomorphism.
(2) If X is a hyperbolic (respectively CAT(0)) space, then ∂x0X is homeomorphic to the
hyperbolic (respectively CAT(0)) boundary.
Definition 3.6. Let X be a proper Busemann space. The asymptotic relation is an
equivalence relation in the set of all geodesic rays in X. The boundary of X, denoted
by ∂X, is defined as the set of asymptotic equivalence classes of geodesic rays. The
equivalence class of a geodesic ray ξ is denoted by ξ(∞). By Proposition 3.3(4), for each
x0 ∈X and each α ∈ ∂X, there exists a unique element ξ ∈ ∂x0X with ξ(∞)= α. Thus we
may identify ∂X with ∂x0X for each x0 ∈X.
Let (X,d) be a proper Busemann space and Γ a group which acts properly discon-
tinuously on X. For each element γ ∈ Γ and each geodesic ray ξ : [0,∞)→ X, a map
γ ξ : [0,∞)→X defined by (γ ξ)(t) := γ (ξ(t)) is also a geodesic ray. If geodesic rays ξ
and ξ ′ are asymptotic, then γ ξ and γ ξ ′ are also asymptotic. Thus γ induces a homeomor-
phism of ∂X and Γ acts on ∂X. We note that Γ (L(Γ )) = L(Γ ) by definition. Hence Γ
also acts on L(Γ ).
4. Geometrically finite groups acting on Busemann spaces
By Proposition 2.7, the following definition is natural.
Definition 4.1. Let (X,d) be a proper Busemann space and Γ a group which acts properly
discontinuously on X. We say that (the action of) Γ is geometrically finite (with respect
to X), if for some (arbitrary) point x0 ∈X there exists a compact subset K of X such that
Rx0(L(Γ )) ⊂ ΓK , where Rx0(L(Γ )) is the union of the images of all geodesic rays ξ
issuing from x0 such that ξ(∞) ∈L(Γ ).
Example 4.2. Let (X,d) be a proper CAT(0) space (the definition is found in [8,9]). Let
Γ be a group which acts properly discontinuously and cocompactly on X (such Γ is called
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a CAT(0) group). Then Rx0(L(Γ )) ⊂ X = ΓK for some compact subset K of X by the
cocompactness. Hence the action of Γ is geometrically finite.
Definition 4.3. A subset M of a geodesic space X is said to be quasi-convex if there exists
N > 0 such that the metric N -neighborhood of M contains all geodesic segments between
each two points of M . Also a subset M of a metric space X is said to be quasi-dense if M
is N -dense for some N > 0, i.e., if each point of X is N -close to some point of M .
The following proposition generalizes the above observation.
Proposition 4.4. Let (X,d) be a proper Busemann space and Γ a group which acts
properly discontinuously on X. If Γ x0 is quasi-convex in X, then Γ is geometrically finite.
Proof. Since Γ x0 is quasi-convex in X, there exists N > 0 such that the metric N -
neighborhood of Γ x0 contains the geodesic from a to b for each a, b ∈ Γ x0. Let
ξ : [0,∞)→ X be a geodesic ray with ξ(0) = x0 and ξ(∞) ∈ L(Γ ). Then there exists
a sequence {γix0} ⊂ Γ x0 converging to ξ(∞) in X ∪ ∂X. For each t  0, there exists a
number i such that d(ξ(t), ξγix0(t))  1, where ξγix0 is geodesic from x0 to γix0. Hence
ξ(t) ∈ Γ B(x0,N + 1) because Im ξγix0 ⊂ Γ B(x0,N). Thus Im ξ ⊂ Γ B(x0,N + 1), and
Γ is geometrically finite. ✷
We prove a Busemann space analogue of Theorem 2.8.
Theorem 4.5. Let (X,d) be a proper Busemann space and Γ a group which acts properly
discontinuously on X. If H ⊂G are two subgroups of Γ , and if H is geometrically finite,
then the following conditions are equivalent:
(1) L(G)= L(H).
(2) Hx0 is a quasi-dense subset of Gx0.
(3) [G :H ]<∞.
Proof. (3)⇒ (2): Suppose that m= [G :H ]<∞. Then {Hg: g ∈G} = {Hg1, . . . ,Hgm}
for some g1, . . . , gm ∈ G. Let N := max{d(x0, gix0): i = 1, . . . ,m}. For each g ∈ G,
g = hgi for some h ∈ H and i . Then d(hx0, gx0) = d(hx0, hgix0) = d(x0, gix0)  N .
Hence Gx0 ⊂HB(x0,N), i.e., Hx0 is quasi-dense in Gx0.
(2)⇒ (1): Suppose that Hx0 is quasi-dense in Gx0. Then Gx0 ⊂HB(x0,N) for some
N > 0. For each α ∈ L(G), there exists a sequence {gix0} ⊂ Gx0 which converges to
α in X ∪ ∂X. Since Gx0 ⊂ HB(x0,N), we can obtain a sequence {hix0} ⊂ Hx0 such
that d(hix0, gix0)  N for each i . Then {hix0} converges to α, i.e., α ∈ L(H). Hence
L(G)= L(H).
(1)⇒ (3): Suppose that [G :H ] =∞. Let {Ha: a ∈G} = {Haλ: λ ∈Λ} (Haλ =Haλ′
if λ = λ′). Since H ⊂ Γ acts properly discontinuously on X, for each λ ∈ Λ, we may
choose aλ in such a way that d(x0, aλx0)= d(x0,Haλx0). Since X∪ ∂X is compact, there
exists a sequence {gix0} ⊂ {aλx0: λ ∈Λ} which converges to a point ξ(∞) ∈L(G), where
ξ is a geodesic ray issuing from x0. Now we show that ξ(∞) /∈L(H).
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Suppose that ξ(∞) ∈ L(H). Since H is geometrically finite, Im ξ ⊂ HB(x0,N) for
some N > 0. Let R > N + 1. Since {gix0} converges to ξ(∞), for large enough i ,
d(x0, gix0) > R and d(ξ(R), ξgix0(R)) < 1, where ξgix0 is the geodesic segment from x0
to gix0. Since Im ξ ⊂HB(x0,N), there exists h ∈H such that d(hx0, ξ(R))N . Then,
d
(
x0, h
−1gix0
) = d(hx0, gix0)
 d
(
hx0, ξ(R)
)+ d(ξ(R), ξgix0(R))+ d(ξgix0(R), gix0)
< N + 1+ (d(x0, gix0)−R)
= d(x0, gix0)− (R −N − 1)
< d(x0, gix0).
This contradicts the assumption d(x0, gix0)= d(x0,Hgix0). Therefore ξ(∞) /∈ L(H) and
L(G) = L(H). ✷
Remark. The implications (3)⇒ (2)⇒ (1) hold without the assumption of the geomet-
rically finiteness of H .
In the case X is hyperbolic, Theorem 2.8 states that H is a subgroup of finite index in G
if and only if g(L(H))= L(H) for each g ∈G. On the other hand, this is not always the
case if X is a Busemann space. Indeed there exists an easy counter-example.
Example 4.6. Let G := Z × Z, X := R × R and G act on X by (a, b) · (x, y) =
(x + a, y + b) for each (a, b) ∈G and (x, y) ∈ X. Then X is a Busemann space and the
subgroup H = Z× 0 of G is geometrically finite. The limit set L(H) is the two-points set,
and let denote L(H) = {α+, α−}, where α+ = limi→∞(i,0) and α− = limi→∞(−i,0).
For each (a, b) ∈G,
(a, b) · α+ = lim
i→∞(a, b) · (i,0)= limi→∞(i + a, b)= α
+.
By the same argument, (a, b) · α− = α−. Hence g(L(H))= L(H) for each g ∈G. On the
other hand, it is clear that [G :H ] =∞ and L(G) = L(H).
Corollary 4.7. Let (X,d) be a proper Busemann space, Γ a group which acts properly
discontinuously on X, and G a subgroup of finite index in Γ . Then Γ is geometrically
finite if and only if G is geometrically finite.
Proof. We note that L(Γ )= L(G) by Theorem 4.5 and the remark.
Suppose that G is geometrically finite. ThenRx0(L(G))⊂GB(x0,N) for some N > 0.
Since L(Γ )= L(G),
Rx0
(
L(Γ )
)=Rx0(L(G))⊂GB(x0,N)⊂ Γ B(x0,N).
Hence Γ is also geometrically finite.
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Suppose that Γ is geometrically finite. ThenRx0(L(Γ ))⊂ Γ B(x0,N) for some N > 0.
Since G is a subgroup of finite index in Γ , Gx0 is a quasi-dense subset of Γ x0 by
Theorem 4.5. Hence Γ x0 ⊂GB(x0,R) for some R > 0. Then
Rx0
(
L(G)
)=Rx0(L(Γ ))⊂ Γ B(x0,N)⊂GB(x0,N +R).
Thus G is also geometrically finite. ✷
In Corollary 4.7, we can not omit the hypothesis [Γ : G] <∞. Indeed there exists a
counter-example.
Example 4.8. Let G = 〈a, b〉 be the rank two free group with basis {a, b}, Γ := G× Z
and X := T × R, where T is the Cayley graph of G with respect to {a, b}. We note that
{(a,0), (b,0), (1G,1)} is a generating set of Γ . An action of Γ on X is defined as follows:
(a,0) ∗ (t, r)= (a · t, r),
(b,0) ∗ (t, r)= (b · t, r + 2),
(1G,1) ∗ (t, r)= (t, r + 1),
where a · t and b · t describe the natural action of G on its Cayley graph T . Then Γ acts
properly discontinuously and cocompactly as isometries on the proper CAT(0) space X.
This example was given by Bowers and Ruane in [3].
We show that G is not geometrically finite. Let gi := (aibi,0) ∈G for i = 1,2, . . . and
x0 := (1G,0) ∈ T ×R. Then gi ∗x0 = (aibi,2i), and (ai, i) is the midpoint of the geodesic
segment from x0 to gi ∗ x0. Let ξ : [0,∞)→X be the geodesic ray with ξ(i/
√
2)= (ai, i)
for each i . Then ξ(∞) ∈ L(G), since the sequence {gi ∗ x0}i converges to ξ(∞). In [3,
p. 186 (i)], it is shown that d((ai, i),G ∗ x0) > i/3 for each i . Hence Im ξ ⊂G ∗B(x0,N)
for each N > 0. Thus G is not geometrically finite.
On the other hand, it is clear that Γ and H := 〈a〉 are geometrically finite and H ⊂G⊂
Γ .
By the example above, we see that a subgroup of a CAT(0) group is not always
geometrically finite in general. A Coxeter group is an important example of a CAT(0)
group. We show that each parabolic subgroup of every Coxeter group is geometrically
finite with respect to a certain proper CAT(0) space.
Example 4.9. Let (W,S) be a Coxeter system, i.e., W is a Coxeter group having a presen-
tation 〈
S | (st)m(s,t) = 1 for s, t ∈ S〉,
where S is a finite generating set and m :S × S → N ∪ {∞} is a function satisfying the
conditions: m(s, t)=m(t, s), m(s, s)= 1 and m(s, t) 2 for each s = t ∈ S. For a subset
T ⊂ S, WT denotes the subgroup of W generated by T , and is called a parabolic subgroup.
It is known that the pair (WT ,T ) is also a Coxeter system [1]. Let WSf denote the
set of all left cosets of the form wWT , with w ∈ W and T ⊂ S such that WT is a finite
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group. The set WSf is partially ordered by inclusion. A contractible simplicial complex
Σ(W,S) is defined as the geometric realization of the partially ordered set WSf ([7, § 3],
[5]). The group W admits the natural action on the simplicial complex Σ(W,S). In [12],
G. Moussong proved that a natural metric on Σ(W,S) satisfies the CAT(0) condition. Then
W acts properly discontinuously and cocompactly as isometries on the proper CAT(0)
space Σ(W,S) [5,6,12].
For a subset T of S, there exists a natural isometric embedding Σ(WT ,T )→Σ(W,S),
and the WT -action on Σ(WT ,T ) is the restriction of the W -action on Σ(W,S) [6].
Since WT acts cocompactly on Σ(WT ,T ), we see that each parabolic subgroup WT is
geometrically finite with respect to Σ(W,S).
The following proposition was given by A. Ranjbar-Motlagh.
Proposition 4.10 [13, Proposition 4.3]. Let (X,d) be a proper hyperbolic space, Γ a
group which acts properly discontinuously on X, and G1 and G2 two subgroups of Γ .
Suppose that G1 is geometrically finite and |L(G1 ∩G2)| 2. If [Gi : G1 ∩G2]<∞ for
each i = 1,2, then [G1 ∨G2: G1 ∩G2]<∞.
This proposition is not always true in general for Busemann spaces. We give a counter-
example.
Example 4.11. Let S := {s1, s2, s3, s4} and let m :S × S → N ∪ {∞} be the function
defined by
m(si, sj )=


1 if i = j ,
2 if |i − j | = 1 or 3,
∞ if |i − j | = 2.
We define the Coxeter group W = 〈S | (st)m(s,t) = 1 for s, t ∈ S〉 and X := Σ(W,S)
(see Example 4.9). Let G1 := W{s1,s2,s3} and G2 := W{s1,s3,s4}. Then W acts properly
discontinuously on the proper CAT(0) space X, and G1 and G2 are geometrically finite.
We note that
W ∼= (Z2 ∗ Z2)× (Z2 ∗ Z2),
Gi ∼= (Z2 ∗Z2)×Z2 for each i = 1,2 and
G1 ∩G2 =W{s1,s3} ∼= Z2 ∗ Z2.
Thus [Gi : G1 ∩G2] = 2 for each i = 1,2. On the other hand, [G1 ∨G2: G1 ∩G2] =∞
since G1∨G2 =W . We also have that L(G1∨G2) = L(G1 ∩G2). In fact, L(G1∨G2)=
L(W) is a circle and L(G1 ∩G2)= L(W{s1,s3}) is a two-points set.
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We prove the following result which corresponds to a part of Proposition 2.10.
Theorem 4.12. Let (X,d) be a proper Busemann space and Γ a group which acts
properly discontinuously on X. Suppose that G is a subgroup of Γ and γ ∈ Γ such that
γGγ−1 ⊂G. Let denote F :=⋃i∈Z γ iGγ−i and H :=⋂i∈Z γ iGγ−i . Then
(1) γ (L(G))⊂ L(G).
Moreover, if either
(a) G is geometrically finite and L(F)=⋃i∈ZL(γ iGγ−i ), or
(b) H is geometrically finite and L(H)=⋂i∈ZL(γ iGγ−i ),
then
(2) γ (L(G))= γ−1(L(G))= L(G),
(3) γGγ−1 =G.
We first show the following proposition.
Proposition 4.13. Let (X,d) be a proper Busemann space, Γ a group which acts properly
discontinuously on X.
(i) Let {Gi : i = 1,2, . . .} be a sequence of subgroups of Γ such that Gi ⊂ Gi+1 for
each i  1, and F :=⋃∞i=1 Gi . If each Gi is geometrically finite, then the following
statements are equivalent:
(1) L(F)=⋃∞i=1 L(Gi).
(2) L(F)= L(Gn) for some n.
(3) F =Gn for some n.
(ii) Let {Gi : i = 1,2, . . .} be a sequence of subgroups of Γ such that Gi+1 ⊂ Gi for
each i  1. If H :=⋂∞i=1 Gi is geometrically finite, then the following statements
are equivalent:
(1) L(H)=⋂∞i=1L(Gi).
(2) L(H)= L(Gn) for some n.
(3) H =Gn for some n.
Proof. It is clear that (3) implies (2) and (2) implies (1) in each case (i) and (ii). We show
that (1) implies (3) in each case.
(i) (1)⇒ (3): Suppose that (1) holds and F = Gi for each i . Then there exists a
subsequence {Gij } ⊂ {Gi} such that Gij is a proper subgroup of Gij+1 for each j . Let
G′j := Gij . Since Γ acts properly discontinuously on X, for each j , there exists an
element gj ∈ G′j \ G′j−1 such that d(x0, gjx0) = d(x0, (G′j \ G′j−1)x0). Here gj = gk
for j = k because (G′j \ G′j−1) ∩ (G′k \ G′k−1) = ∅. Hence there exists a subsequence
{gjkx0} ⊂ {gjx0} which converges to a point ξ(∞) ∈ ∂X, where ξ is a geodesic ray issuing
from x0. Since {gjkx0} ⊂ Fx0, ξ(∞) ∈ L(F)=
⋃∞
i=1L(Gi) by (1). Hence ξ(∞) ∈ L(G′m)
for some m. Since G′m is geometrically finite, Im ξ ⊂ G′mB(x0,N) for some N > 0. Let
R > N + 1. Since {gjk x0} converges to ξ(∞), for large enough k > m, d(x0, gjkx0) > R
and d(ξ(R), ξgjk x0(R)) < 1, where ξgjk x0 is the geodesic segment from x0 to gjk x0. Since
Imξ ⊂G′mB(x0,N), there exists g ∈G′m such that d(gx0, ξ(R))N . Then,
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d
(
x0, g
−1gjkx0
) = d(gx0, gjk x0)
 d
(
gx0, ξ(R)
)+ d(ξ(R), ξgjk x0(R))+ d(ξgjk x0(R), gjk x0)
< N + 1+ (d(x0, gjk x0)−R)
= d(x0, gjk x0)− (R −N − 1)
< d(x0, gjk x0).
We note that g−1gjk ∈G′jk \G′jk−1 because g−1 ∈ G′m ⊂ G′jk−1 ⊂G′jk . This contradicts
the assumption d(x0, gjkx0)= d(x0, (G′jk \G′jk−1)x0). Therefore (1) implies (3).
(ii) (1)⇒ (3): Suppose that (1) holds and H = Gi for each i . Then there exists a
subsequence {Gij } ⊂ {Gi} such that Gij+1 is a proper subgroup of Gij . Let G′j := Gij .
Since Γ acts properly discontinuously on X, for each j , there exists an element gj ∈
G′j \G′j+1 such that d(x0, gjx0)= d(x0, (G′j \G′j+1)x0). Then there exists a subsequence
{gjkx0} ⊂ {gjx0} which converges to a point ξ(∞) ∈ ∂X, where ξ is a geodesic ray
issuing from x0. For each i  1, {gjl x0}lk ⊂ Gix0 for some large number k. Hence
ξ(∞) ∈⋂∞i=1L(Gi)= L(H) by (1). Since H is geometrically finite, Im ξ ⊂HB(x0,N)
for some N > 0. Let R > N + 1. Since {gjkx0} converges to ξ(∞), for large enough k,
d(x0, gjkx0) > R and d(ξ(R), ξgjk x0(R)) < 1, where ξgjk x0 is the geodesic segment from
x0 to gjk x0. Since Im ξ ⊂ HB(x0,N), d(hx0, ξ(R))  N for some h ∈ H . Then, by the
same argument as the one in (i),
d
(
x0, h
−1gjk x0
)= d(hx0, gjk x0) < d(x0, gjk x0)− (R −N − 1) < d(x0, gjk x0).
We note that h−1gjk ∈G′jk \G′jk+1 because h−1 ∈H ⊂G′jk+1 ⊂G′jk . This contradicts the
assumption d(x0, gjk x0)= d(x0, (G′jk \G′jk+1)x0). Therefore (1) implies (3). ✷
Using this proposition, we prove Theorem 4.12.
Proof of Theorem 4.12. (1): By the definition of limit sets,
γ
(
L(G)
) = γ (Gx0 ∩ ∂X)= γGx0 ∩ ∂X
= (γGγ−1)(γ x0)∩ ∂X= L(γGγ−1).
Since γGγ−1 ⊂G, we have γ (L(G))= L(γGγ−1)⊂ L(G).
(2) and (3): First, we show that if G is geometrically finite, then γ iGγ−i is also
geometrically finite for each i ∈ Z. Since G is geometrically finite, Rx0(L(G)) ⊂ GK
for some compact set K . We note that γ i(L(G)) = L(γ iGγ−i ) by the proof of (1). For
each i ∈ Z,
Rγ ix0
(
L
(
γ iGγ−i
)) = Rγ ix0(γ i(L(G))= γ i(Rx0(L(G)))
⊂ γ i(GK)= (γ iGγ−i )(γ iK).
Since γ iK is compact, γ iGγ−i is geometrically finite.
Now we have a sequence
· · · ⊂ γ 2Gγ−2 ⊂ γGγ−1 ⊂G⊂ γ−1Gγ ⊂ γ−2Gγ 2 ⊂ · · · .
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Applying Proposition 4.13 to the sequence above, if either (a) or (b) holds, then γ nGγ−n =
F or H for some n ∈ Z. In either case, we have that γGγ−1 = G. Then γ (L(G)) =
L(G)= γ−1(L(G)) by (1). ✷
Proposition 2.10 (2) and (5) are not always the case for Busemann spaces in general.
Example 4.14. We consider the same situation of Example 4.6. Let G := Z × Z act on
X := R × R by (a, b) · (x, y) = (x + a, y + b) for each (a, b) ∈ G and (x, y) ∈ X, let
H := Z×0 and g := (0,1) ∈G. Then G and H are geometrically finite, and gHg−1 =H .
On the other hand, gn = (0, n) /∈ H for each n ∈ Z \ {0} and [〈H,g〉 : H ] = [Z × Z :
Z× 0] =∞.
We show a Busemann space analogue of Theorem 2.11 by a similar proof to the one
in [10,13].
Theorem 4.15. Let (X,d) be a proper Busemann space and Γ a group which acts
properly discontinuously on X. Suppose that G1 and G2 are two geometrically finite
subgroups of Γ . Then
(1) G1 ∩G2 is also geometrically finite,
(2) L(G1 ∩G2)= L(G1)∩L(G2).
Proof. Since G1 and G2 are geometrically finite, there exists a compact subset K of X
such that Rx0(L(Gi))⊂GiK for each i = 1,2.
(1) Let H :=G1 ∩G2. Choose coset representatives {aλ} and {bµ} so that
G1 =
⋃
λ∈Λ
Haλ and G2 =
⋃
µ∈M
Hbµ.
Then,
Rx0
(
L(G1)
)⊂G1K =H(⋃
λ∈Λ
aλK
)
and
Rx0
(
L(G2)
)⊂G2K =H
(⋃
µ∈M
bµK
)
.
Hence we have that
Rx0
(
L(H)
) ⊂ Rx0(L(G1))∩Rx0(L(G2))
= H
(⋃
λ∈Λ
aλK
)
∩H
(⋃
µ∈M
bµK
)
= H
(⋃
h∈H
⋃
λ∈Λ
⋃
µ∈M
(aλK ∩ hbµK)
)
.
We show that K˜ :=⋃h∈H ⋃λ∈Λ⋃µ∈M(aλK ∩ hbµK) is compact.
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Since Γ acts properly discontinuously on X, the set{
a−1λ hbµ: h ∈H, λ ∈Λ, µ ∈M, K ∩
(
a−1λ hbµ
)
K = ∅}
is finite. Suppose that a−1λ1 h1bµ1 = a−1λ2 h2bµ2 for some hi ∈ H , λi ∈ Λ and µi ∈ M
(i = 1,2). Since aλ2a−1λ1 h1 = h2bµ2b−1µ1 ∈ H , we have that aλ2a−1λ1 , bµ2b−1µ1 ∈ H . Hence
λ1 = λ2, µ1 = µ2 and h1 = h2. Thus the set{
(h,λ,µ) ∈H ×Λ×M: K ∩ (a−1λ hbµ)K = ∅}
is finite, hence K˜ is compact.
(2) It is clear that L(G1 ∩ G2) ⊂ L(G1) ∩ L(G2). We prove that L(G1) ∩ L(G2) ⊂
L(G1 ∩G2). Let ξ be a geodesic ray issuing from x0 with ξ(∞) ∈L(G1)∩L(G2). Since
Rx0(L(Gj )) ⊂ GjK (j = 1,2), for each i = 1,2, . . . , there exist ai ∈ G1 and bi ∈ G2
such that ξ(i) ∈ aiK ∩ biK . Then both the sequences {aix0} and {bix0} converge to
ξ(∞). Since Γ acts properly discontinuously on X, the set {a−1i bi: K ∩ a−1i biK = ∅}
is finite. Hence there exist subsequences {ainx0}n and {binx0}n such that a−1in bin = a−1im bim
for each n,m. Then aima
−1
in
= bimb−1in ∈ G1 ∩ G2. Let n0 be a fixed number and cj :=
aij a
−1
in0
for each j = 1,2, . . . . Then the sequence {cjx0} converges to ξ(∞) because
d(aij x0, cj x0) = d(aij x0, aij a−1in0 x0) = d(x0, a
−1
in0
x0) is constant. Since {cj } ⊂ G1 ∩ G2,
ξ(∞) ∈L(G1 ∩G2). Hence we have that L(G1)∩L(G2)= L(G1 ∩G2). ✷
Corollary 4.16. Let (X,d) be a proper Busemann space and Γ a group which acts
properly discontinuously on X. If G1 and G2 are two geometrically finite subgroups of
Γ and L(G1) ⊂ L(G2), then there exists a geometrically finite subgroup G′1 ⊂ G2 such
that L(G1)= L(G′1).
Proof. Let G′1 := G1 ∩ G2. Then G′1 is geometrically finite by Theorem 4.15(1), and
L(G′1)= L(G1)∩L(G2)= L(G1) by Theorem 4.15(2). ✷
In view of Corollary 4.16, it is natural to ask whether the following statement always
holds: if G1 and G2 are geometrically finite subgroups of Γ and L(G1) ⊂ L(G2), then
there exists a geometrically finite subgroup G′2 of Γ such that G1 ⊂ G′2 and L(G2) =
L(G′2). However this is not always the case. We give an easy counter-example below.
Example 4.17. Let Γ = 〈a, b〉 be the rank two free group with basis {a, b}, X the
Cayley graph of Γ with respect to {a, b}. Then Γ naturally acts on its Cayley graph
X. Let G1 := 〈a〉 and G2 := 〈a2, b〉. Then G1 and G2 are geometrically finite and
L(G1)⊂ L(G2). We show that there does not exist a subgroupG′2 of Γ such that G1 ⊂G′2
and L(G2)= L(G′2). Let G′2 be a subgroup of Γ such that G1 ⊂G′2 and L(G2)⊂ L(G′2).
Then a ∈G1 ⊂G′2 and b∞ ∈ L(G2)⊂ L(G′2). Hence ab∞ ∈L(G′2). On the other hand, it
is clear that ab∞ /∈ L(G2). Thus L(G2) = L(G′2).
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